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We investigate the mass spectra of exotic hadrons known as pentaquarks. We extend a simple phenomenologi-
cal model based on the Gu¨rsey–Radicati mass formula for hadrons to include both charmed and bottom baryons
as well as to be able to predict masses of pentaquark states including both charm and bottom quark-antiquark
pairs. In particular, we perform numerical fits of this model, which includes seven free parameters, to masses
of 21 baryons. We find that the model can be well fitted to the experimental values of the baryon masses and
observe that the predicted value of about 4400 MeV for the mass of the pentaquark Pc(4380)+ lies within the
experimental range reported by the LHCb experiment. In addition, the predicted value of about 4480 MeV for
the mass of the pentaquark Pc(4450)+ is close to the experimental value. Finally, in the future, other predicted
values for masses of additional pentaquarks could be shown to agree with upcoming experimental results.
I. INTRODUCTION
The idea of hadrons, which contain more than the minimal
quark content (qq¯ or qqq), was proposed by Gell-Mann [1] in
1964. This includes the possibility of hadrons containing five
quarks, which were given the name pentaquark by Gignoux et
al. [2] and Lipkin [3] in 1987. It was not until 2015 when the
two first pentaquark states were conclusively observed by the
LHCb collaboration in studying Λ0b → J/ψ K− p decays.
These two states are denoted Pc(4380)+ and Pc(4450)+.
Both of the discovered states have quark content uudcc¯ [4].
Furthermore, in 2019, additional pentaquark states were dis-
covered [5]. The Pc(4450)+, formerly reported by LHCb, re-
ceived further confirmation and is observed to consist of two
narrow overlapping peaks, named Pc(4440)+ and Pc(4457)+.
Several quantitative models for masses of pentaquarks have
been studied in the literature: a selection of these are briefly
summarized below. In 2017, a group theoretical classifica-
tion and prediction for masses of pentaquarks based on the
results from LHCb can be found in Ref. [6], where the masses
are predicted from a modified mass formula fitted to masses
of baryons. In Refs. [7, 8], masses and magnetic moments
of pentaquarks were obtained in a constituent quark model
with a complete classification of qqqqq¯ pentaquark states. In
Ref. [9], Karliner and Lipkin proposed a model for pentaquark
states to predict their masses, which is based on a model
known to reliably deal with both qq and qq¯ interactions. In
Ref. [10], the mass spectrum of pentaquarks based on the
quark model and with emphasis on chiral symmetry was pre-
sented. In Ref. [11], the authors reduced the complications of
studying five-quark systems by considering the pentaquark as
being a bound state composed of a baryon and a meson, there-
after solving the Lippmann–Schwinger equation for this sys-
tem to obtain approximate masses for some pentaquark states.
In Ref. [12], the mass spectrum of cc¯ pentaquarks having
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JP = 12
± for SU(3)f multiplets was explored, whose ana-
lysis is based on the two pentaquark states observed in 2015
by LHCb. In Ref. [13], the authors primarily examined pen-
taquarks of quark content, which are not presently known to
exist, and estimated the masses of the said pentaquarks using
the chromomagnetic model. Recently, in Ref. [14], the masses
of ground-state hidden-charm pentaquarks with JP = 32
−
based on an SU(4) quark model were calculated, which are
considerably smaller than the masses of pentaquarks mea-
sured by LHCb [4, 5].
In the present work, we will primarily consider the mass
formula presented in Ref. [6], which predicts the masses of
pentaquarks using numerical fits to masses of baryons. We
will also make modifications to this formula in order to pre-
dict masses of pentaquarks not examined in Ref. [6]. More
specifically, we will consider pentaquarks containing cc¯ or bb¯.
We will study SU(6)sf spin-flavor pentaquark configura-
tions, which can be decomposed as SU(3)f ⊗ SU(2)s. The
SU(3)f multiplets are relevant when determining the masses
of the pentaquark states. These multiplets will also be part of
the baryon data used to perform the numerical fits. We will
make use of the Young tableaux technique and let each rep-
resentation be denoted by [f1, . . . , fn]d, where fi stands for
the number of boxes in the ith row of the Young tableau and
d is the dimension of the representation. This will follow the
classification outlined in Ref. [6].
This work is organized as follows. In Sec. II, we present
the simple mass model for hadrons that can predict masses
of pentaquarks and describe the numerical fitting procedure
used. Then, in Sec. III, we perform five numerical fits of this
model and state the results of these fits, including predicted
masses of pentaquarks. Finally, in Sec. IV, we summarize our
main results and conclude based on our presented results.
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2II. MODEL AND FITTING PROCEDURE
In this work, we investigate a simple model for hadron mass
spectra based on a generalization of the Gu¨rsey–Radicati mass
formula [15], which reads
MH = ξM0 +AS(S + 1) +DY
+ E
[
I(I + 1)− 1
4
Y 2
]
+GC2(SU(3)f ) +
∑
i=c,b
FiNi ,
(1)
where S, Y , I , C2(SU(3)f ), Nc, and Nb are the spin, hy-
percharge, isospin, eigenvalue of the SU(3)f Casimir oper-
ator, number of charm quarks and antiquarks, and number
of bottom quarks and antiquarks of the hadron H , respec-
tively. In addition, M0, A, D, E, G, Fc, and Fb are free
parameters of the model and the parameter ξ is a scale factor
related to the number of particles making up the hadron H . It
should be noted that Eq. (1) holds for baryons, but not mesons
which follow another but similar mass formula [15]. How-
ever, we assume Eq. (1) to hold also for pentaquarks (includ-
ing charm and bottom quarks). Thus, the model has either six
(including charmed baryons and pentaquarks) or seven free
parameters (including both charmed and bottom baryons and
pentaquarks). For baryons, ξ = 1, whereas for pentaquarks,
ξ = 5/3, since the number of quarks in a pentaquark is five
instead of three as in a baryon.
Now, we present our fitting procedure. In order to find the
best-fit values of the free parameters, we use a χ2 test, which
gives rise to the goodness of fit, by minimizing the corre-
sponding χ2 function with respect to the free parameters in
Eq. (1). More precisely, for the model with seven free para-
meters, we minimize the following function
χ2 =
n∑
H=1
[
MH(M0, A,D,E,G, Fc, Fb)−M exp.H
σexp.H
]2
, (2)
where n is the number of hadrons used, MH denotes the
predicted mass of the hadron H by the generalized Gu¨rsey–
Radicati mass formula (1), and M exp.H and σ
exp.
H are the ex-
perimental value for the mass of the hadron H and its corre-
sponding experimental error, respectively. For the model with
six free parameters, we have to remove the dependence on
one of the free parameters Fc and Fb, which can be done by
enforcing either Fc = 0 or Fb = 0 in the minimization of
Eq. (2). Note that Eq. (1) is linear in all free parameters, and
therefore, the minimum of Eq. (2) can be found exactly.
To date, there are only three (or four) experimentally known
pentaquarks containing cc¯ [16], and therefore, there is not
enough information to determine the free parameters M0, A,
D, E, G, Fc, and Fb, using the experimental data of these
pentaquarks. Thus, due to the lack of experimental results on
pentaquarks, we fit the free parameters to the values of the
known baryon mass spectra and assume that the values of the
free parameters will be the same for pentaquarks, i.e. the pa-
rameters are universal. This is an extended (and more rigor-
ous) procedure to the similar approach presented in Ref. [6],
which did however not include bottom hadrons. In Tab. I, the
values of the masses and errors (i.e. the baryon spectra) that
we use in our fits are listed. Since the χ2 function in Eq. (2)
weighs the different terms based on their experimental errors,
we expect the best-fit values of the free parameters to give
an accurate value for the mass of N(940) (i.e. the neutron),
which is the baryon that has the lowest experimental error by
far (cf. Tab. I).
III. NUMERICAL FITS AND RESULTS
First, we calculate the free parameters using the same data
for the baryon masses as in Ref. [6] and compare our results
to those presented in that work. Since it is not mentioned in
this work the exact method used to obtain the values of these
parameters, it is challenging to determine how those values
were obtained. Using the values of the free parameters as
well as the baryon masses and the corresponding errors pre-
sented in Ref. [6], we obtain χ2 ' 1.1 × 1015, which is a
very large value for a χ2 function. However, if we mini-
mize Eq. (2) with respect to M0, A, D, E, G, and Fc un-
der the condition Fb = 0 and use the data in Ref. [6], we
find that M0 ' 980.809 MeV, A ' 17.0771 MeV, D '
−195.143 MeV, E ' 38.075 MeV, G ' 40.6845 MeV, and
F ' 1377.92 MeV with χ2 ' 1.2 × 105, which is about
ten orders of magnitude smaller than the value presented in
Ref. [6]. Therefore, we believe that the values of the six free
parameters in Ref. [6] cannot constitute the true minimum
of the χ2 function. In addition, our fit leads to the mass of
N(940) to be 939.565 MeV, whereas the fit in Ref. [6] gives
972.45 MeV, which explains why the χ2 function is so large
for that fit.
Next, we define five different fits that we perform in this
work, which are the following
Fit I: Data for the 16 baryons in Tab. I with Nc = Nb = 0 or
Nc = 1 and 6 free parameters (d.o.f. = 16− 6 = 10),
Fit II: Data for 15 baryons in Tab. I with Nc = Nb = 0
or Nc = 1 [excluding N(940)] and 6 free parameters
(d.o.f. = 15− 6 = 9),
Fit III: Data for the 16 baryons in Tab. I with Nc = Nb = 0
or Nc = 1, but with errors equal to 1 % of the experi-
mental mass values, and 6 free parameters (d.o.f. =
16− 6 = 10),
Fit IV: Data for the 13 baryons in Tab. I with Nc = Nb = 0 or
Nb = 1 and 6 free parameters (d.o.f. = 13− 6 = 7),
Fit V: Data for all 21 baryons in Tab. I and 7 free parameters
(d.o.f. = 21− 7 = 14).
In Tab. II, we display the results of the minimization of the
χ2 function in Eq. (2) for the five different fits. Basically,
the results of Fit I consist of corrected and updated results
compared to the earlier results presented in Ref. [6]. We note
that Fit I leads to very similar values of the free parameters
as in the case of using the data for the baryon spectra given
3TABLE I. Experimental values and errors for the masses of 21 selected baryons including corresponding quantum numbers for the baryons.
All values are taken from Ref. [17]. Note that it has been assumed that the SU(3)f multiplet of a bottom baryon is the same as the one for the
corresponding charmed baryon, see review “104. Charmed Baryons” in Ref. [17]. The 21 selected baryons are all ground-state non-strange
baryons, hyperons, charmed baryons, or bottom baryons.
Baryon Exp. mass [MeV] Exp. error [MeV] SU(3)f multiplet C2(SU(3)f ) S Y I Nc Nb
N(940) 939.5654133 ±5.8× 10−6 [21]8 3 12 1 12 0 0
Λ0 1115.683 ±0.006 [21]8 3 12 0 0 0 0
Σ0 1192.642 ±0.024 [21]8 3 12 0 1 0 0
Ξ0 1314.86 ±0.20 [21]8 3 12 −1 12 0 0
∆0(1232) 1232 ±2 [3]10 6 32 1 32 0 0
Σ∗0(1385) 1383.7 ±1.0 [3]10 6 32 0 1 0 0
Ξ∗0(1530) 1531.80 ±0.32 [3]10 6 32 −1 32 0 0
Ω− 1672.45 ±0.29 [3]10 6 32 −2 0 0 0
Λ+c 2286.46 ±0.14 [11]3 43 12 23 0 1 0
Σ0c(2455) 2453.75 ±0.14 [2]6 103 12 23 1 1 0
Ξ0c 2470.87
+0.28
−0.31 [11]3
4
3
1
2
− 1
3
1
2
1 0
Ξ′0c 2578.8 ±0.5 [2]6 103 12 − 13 12 1 0
Ω0c 2695.2 ±1.7 [2]6 103 12 − 43 0 1 0
Ω∗0c (2770) 2765.9 ±2.0 [2]6 103 32 − 43 0 1 0
Σ∗0c (2520) 2518.48 ±0.20 [2]6 103 32 23 1 1 0
Ξ∗0c (2645) 2646.32 ±0.31 [2]6 103 32 − 13 12 1 0
Λ0b 5619.60 ±0.17 [11]3 43 12 43 0 0 1
Ξ0b 5791.9 ±0.5 [11]3 43 12 13 12 0 1
Σ+b 5811.3
+0.9
−0.8 ± 1.7 [2]6 103 12 43 1 0 1
Σ∗+b 5832.1 ±0.7+1.7−1.8 [2]6 103 32 43 1 0 1
Ω−b 6046.1 ±1.7 [2]6 103 12 − 23 0 0 1
in Ref. [6], and still χ2/d.o.f. ' 1.3 × 104 is a very large
number. Despite the fact that the term for N(940) dominates
the χ2 function in Eq. (2), the removal of N(940) from the fit
does not change the goodness of fit for Fit II by much com-
pared to Fit I, since the value of the χ2 function per degrees
of freedom only shrinks to χ2/d.o.f. ' 1.2 × 104. In ad-
dition, the predicted value for the mass of N(940) becomes
955.562 MeV, which is not very close to the well-measured
experimental value. Then, the results of Fit III show that by
increasing the errors from the experimental ones to values be-
ing 1 % of the corresponding experimental masses the value of
the χ2 function per degrees of freedom decreases significantly
to χ2 ' 2.5, which actually constitutes a very good fit. How-
ever, the fitted value for the mass of N(940) is 956.070 MeV,
which is again far away from the experimental value. Next, in-
stead of using mass spectra for charmed baryons, we use mass
spectra for bottom baryons. The results of Fit IV (compared to
Fit I) show that the fitted values of the free parameters are only
somewhat different, and the value of the χ2 function per de-
grees of freedom increases slightly to χ2/d.o.f. ' 1.4× 104.
Finally, the results of Fit V based on a fit of seven free param-
eters to masses of 21 baryons (including both charmed and
bottom baryons) render the best fit when N(940) is included
with a value of the χ2 function per degrees of freedom given
by χ2/d.o.f. ' 1.1× 104. For Fit V, the best-fit values of the
seven free parameters are M0 ' 980 MeV, A ' 17.1 MeV,
D ' −195 MeV, E ' 38.0 MeV, G ' 40.8 MeV,
Fc ' 1380 MeV, and Fb ' 4840 MeV. In fact, the best-
TABLE II. Fitted free parameter values for the five different fits and
the corresponding values of the χ2 function.
Parameter Fit I Fit II Fit III Fit IV Fit V
M0 [MeV] 980.300 971.161 965.349 1002.68 980.349
A [MeV] 17.0842 19.4952 21.7783 18.2937 17.1487
D [MeV] −195.133 −179.184 −175.319 −195.154 −195.103
E [MeV] 38.0687 38.0357 22.5450 37.9916 38.0152
G [MeV] 40.8501 43.3150 46.1446 33.1083 40.8168
Fc [MeV] 1376.31 1367.97 1365.54 × 1376.29
Fb [MeV] × × × 4829.43 4841.96
χ2 129831 111109 25.4361 99254.7 147420
χ2/d.o.f. 12983.1 12345.5 2.54361 14179.2 10530.0
fit values of the six parameters M0, A, D, E, G, and Fc are
rather similar to the ones of Fit I, so the effect of including
bottom baryons in the fit seems to be mostly encoded in the
free parameter Fb.
In Fig. 1, we display the pulls for the 21 fitted baryon
masses using the values of the free parameters from Fit V.
We observe that the pull for N(940) is negligible. The two
baryons Λ0 and ∆0(1232) have also small pulls, whereas the
largest pull comes from Ξ∗0(1385). In general, it is interesting
to note that all Ξ and Ωq baryons have negative pulls, while
all Σ baryons and Ω− have positive pulls.
Now, we study five different sets of quantum numbers that
4N Λ0 Σ0 Ξ0 Δ0 Σ*0 Ξ*0 Ω- Λc Σc Ξc Ξc' Ωc Ωc* Σc* Ξc* Λb Ξb Σb Σb* Ωb
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FIG. 1. Pulls for the 21 fitted baryon masses using the values of the
free parameters from Fit V.
could be identified as pentaquark states, which are the follow-
ing
• P 0+q = uudqq¯, P 00q = uddqq¯: S = 32 , Y = 1, I = 12 ,
• P 0+q = uudqq¯, P 00q = uddqq¯: S = 52 , Y = 1, I = 12 ,
• P 1′0q = udsqq¯: S = 32 , Y = 0, I = 0,
• P 1+q = uusqq¯, P 1−q = ddsqq¯, P 10q = udsqq¯: S = 32 ,
Y = 0, I = 1,
• P 20q = ussqq¯, P 2−q = dssqq¯: S = 32 , Y = −1, I = 12 ,
where q = c, b, i.e. qq¯ is either a charm-anticharm pair or
a bottom-antibottom pair. In fact, all above states with S =
3/2 belong to the SU(3)f octet, which has C2(SU(3)f ) = 3
(that is also assumed for the states with S = 5/2). It should,
of course, be noted that other sets of quantum numbers for
potential pentaquark states could also be studied using Eq. (1).
In Tab. III, we present the predicted mass spectrum of pen-
taquark states containing charm and bottom quark-antiquark
pairs for the five different fits that we have performed, us-
ing Eq. (1) with ξ = 5/3 and the best-fit values of the free
parameters for each of the fits given in Tab. II. Especially, for
Fit V with three significant digits, the predicted mass spectrum
is given by 4400 MeV, 4480 MeV, 4570 MeV, 4650 MeV,
and 4790 MeV for pentaquarks with cc¯ and 11300 MeV,
11400 MeV, 11500 MeV, 11600 MeV, and 11700 MeV for
pentaquarks with bb¯. In fact, it should be noted that the pre-
dicted mass spectra for pentaquarks with cc¯ for Fits I and V
exactly coincide using three significant digits (see Tab. III).
Furthermore, our predicted masses of pentaquarks with cc¯ (for
all five fits) are all larger than the four ones reported in Tab. VI
of Ref. [6].
It is encouraging to observe that the predicated value of
4400 MeV for the mass of the pentaquark Pc(4380)+ [uudcc¯
(S = 3/2)] lies within the experimental value of (4380± 8±
29) MeV reported by the LHCb experiment [4] and listed in
the 2018 review of the Particle Data Group [17]. In addition,
the predicated value of 4480 MeV for the mass of the pen-
taquark Pc(4450)+ [uudcc¯ (S = 5/2)] is in the close vicinity
of the experimental value of (4449.8± 1.7± 2.5) MeV.
TABLE III. Predicted mass values of pentaquark states for the five
different fits. All values in this table are presented in units of MeV.
Pentaquark states Fit I Fit II Fit III Fit IV Fit V
P 0+c , P 00c (S = 32 ) 4396.98 4397.43 4396.04 × 4397.17
P 0+c , P 00c (S = 52 ) 4482.40 4494.90 4504.93 × 4482.91
P 1
′0
c 4573.07 4557.59 4560.09 × 4573.26
P 1+c , P 1−c , P 10c 4649.21 4633.66 4605.18 × 4649.29
P 20c , P 2−c 4787.24 4755.79 4746.68 × 4787.37
P 0+b , P
00
b (S =
3
2
) × × × 11321.8 11328.5
P 0+b , P
00
b (S =
5
2
) × × × 11413.2 11414.2
P 1
′0
b × × × 11497.9 11504.6
P 1+b , P
1−
b , P
10
b × × × 11573.9 11580.6
P 20b , P
2−
b × × × 11712.1 11718.7
It should be mentioned that the latest results of the LHCb
experiment now confirm that the previously reported pen-
taquark Pc(4450)+ is resolved into two narrow pentaquark
states, i.e. Pc(4440)+ and Pc(4457)+ [5]. In addition, another
narrow pentaquark Pc(4312)+ is discovered, which might or
might not be the pentaquark Pc(4380)+, since the analysis is
not sensitive to such wide pentaquark states as Pc(4380)+.
IV. SUMMARY AND CONCLUSIONS
We have investigated a simple phenomenological model
based on an extension of the Gu¨rsey–Radicati mass formula
to predict masses of pentaquarks containing charm-anticharm
or bottom-antibottom pairs from numerical fits to masses of
charmed and/or bottom baryons. We have found that the pre-
dicted values for the masses of the pentaquarks Pc(4380)+
and Pc(4450)+ are about 4400 MeV and 4480 MeV, respec-
tively. It should be noted that the latest LHCb experimental re-
sults suggest that Pc(4450)+ is resolved into two pentaquarks
Pc(4440)
+ and Pc(4457)+. Furthermore, our predicted value
of 4480 MeV for Pc(4450)+ (or Pc(4440)+ and Pc(4457)+)
assumed that the eigenvalue of the SU(3)f Casimir operator
is equal to 3 (as for Pc(4380)+, which belongs to the SU(3)f
octet). However, this assumption might be uncertain.
Our model could also be used to predict masses for other
potential pentaquark states, given their quantum numbers, for
which no experimental data exist today. In addition, using
ξ = 4/3 in our model, we could predict masses for hadrons
consisting of four quarks, i.e. so-called tetraquarks. In order
for our model to be valid for such predictions, the tetraquark
states would need to include charm-anticharm or bottom-
antibottom pairs.
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